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Abstract—Flexible transmission line impedances on one hand
are a promising control resource for facilitating grid flexibility,
but on the other hand add much complexity to the concerned opti-
mization problems. This paper develops a convexification method
for the AC optimal power flow with flexible line impedances. First,
we discover that a line with flexible impedance is equivalent to a
constant-impedance line with a correlated pair of tap-adjustable
ideal transformers placed at its two terminals. Then, with
this circuit equivalent, we reformulate the original optimization
problem as a semi-definite program under the existing convex
relaxation framework, which improves the solution tractability
and optimality. The proposed method is verified by numerical
tests on the IEEE 118-bus system.
Index Terms—optimal power flow, flexible line impedance,
convex relaxation, grid flexibility
I. INTRODUCTION
The advances in power electronics technology bring new
flexibility to power systems that facilitates system operation
and control [1]. The flexibility can be classified into node-
side flexibility (flexible power injections) and network-side
flexibility (flexible line impedances), which are enabled by
shunt devices (e.g., STATCOM) and series devices (e.g., TCSC),
respectively. Node-side flexibility can be easily incorporated
into optimal power flow (OPF) as the flexible power injections
can be handled in a similar way to generation dispatch.
However, the OPF problem becomes much more complex
if flexible line impedances are considered, due to that the
admittance matrix is changed from a constant to a variable.
In addition, convex relaxation technique [2], which has been
proved powerful in addressing the non-convexity of AC
OPF problems, does not apply to the case with flexible line
impedances. This add further difficulties to the solution method.
As a consequence, the current mainstream formulations
for OPF with flexible line impedances are based on DC
power flow model, which simplifies the problem but leads
to an inaccurate and incomplete description for power flow.
Moreover, the flexible line impedances still render non-convex
constraints even under DC power flow. Additional binary
variables are hence required to transform those non-convex
constraints into linear ones (e.g., [3, 4]), which significantly
impacts solution efficiency and optimality. This paper proposes
a circuit transformation that makes the AC OPF with flexible
line impedances compatible to the existing convex relaxation
framework. We discover that a flexible line impedance is
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equivalent to a fixed-impedance line with a correlated pair
of ideal transformers placed at its two terminals. By this
observation, the original problem is reformulated into a semi-
definite program (SDP) using convex relaxation so that the
solution process is more tractable and solution optimality is
enhanced.
II. OPF WITH FLEXIBLE LINE IMPEDANCES
Consider a power system with the set of buses V = {1, ...n}
and set of transmission lines E ⊆ V × V . The set of generator
buses is denoted by VG ⊆ V . The set of lines with flexible
impedances is denoted by Eflex ⊆ E , while the remaining lines
in E\Eflex have constant impedances. Let Vi ∈ C denote the
complex voltage at bus i, and PGi, PLi ∈ R (or QGi, QLi ∈ R)
denote the active (or reactive) power generation and load at
bus i. We set PGi = QGi = 0, ∀i /∈ VG. In addition, let
yij = yji ∈ C denote the admittance of line (i, j) ∈ E , and
yio ∈ C denote the shunt component at bus i that consists of
line charging capacitance and reactive power compensation.
Given PLi, QLi at each bus, the OPF problem considering
flexible line impedances can be formulated as
min
PGi,QGi,Vi,kij
∑
i∈VG
fi(PGi) (1a)
s.t. PGi − PLi + j(QGi −QLi) = y∗io|Vi|2
+
∑
j∈Ni
y∗ijVi(V
∗
i − V ∗j ), ∀i ∈ V (1b)
PminGi ≤ PGi ≤ PmaxGi , ∀i ∈ VG (1c)
QminGi ≤ QGi ≤ QmaxGi , ∀i ∈ VG (1d)
V mini ≤ |Vi| ≤ V maxi , ∀i ∈ V (1e)
|Re{y∗ijVi(V ∗i − V ∗j )}| ≤ Pmaxij , ∀(i, j) ∈ E (1f)
yij = kij · jbratedij , ∀(i, j) ∈ Eflex (1g)
kminij ≤ kij ≤ kmaxij , ∀(i, j) ∈ Eflex (1h)
where the objective (1a) represents the total generation cost
which is a quadratic function of PGi; (1b) refers to AC
power flow equation with the superscript ∗ denoting complex
conjugate and j ∈ Ni meaning that bus i and bus j are
directly connected by a line; (1c) and (1d) refer to power
generation limits; (1e) refers to voltage magnitude limits; (1f)
refers to active line flow limits. Note that other line constraints,
e.g., line flow limits regarding reactive or apparent power,
can be included into the model without difficulty. Here we
only consider (1f) for simplicity. Flexible line impedance is
described by (1g) and (1h) where bratedij < 0 is the rated line
susceptance, kij is the tuning ratio, and 0 < kminij ≤ 1 and
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2kmaxij ≥ 1 are the lower and upper limits. We ignore the
resistance of flexible lines as it is very small and only the
reactance part is adjustable. In case that we do need to consider
the resistance part, we can model a flexible line impedance
as a resistive line in series with an adjustable inductive line,
where the proposed method still applies.
For OPF problems with all line impedances being fixed,
the non-convexity is mainly caused by the bilinear term
Vi(V
∗
i − V ∗j ) in (1b), which has been successfully handled by
convex relaxation [2]. When line impedances become flexible,
it gives rise to the trilinear term y∗ijVi(V
∗
i −V ∗j ) where convex
relaxation seems incapable, which adds further difficulty to
the solution process and optimality. In the following, we will
show that the OPF with flexible line impedances still admits
a convex relaxation form by the equivalency between flexible
line impedances and a special type of transformers.
III. CONVEX RELAXATION BASED ON TRANSFORMER
EQUIVALENT
A. Equivalency by correlated pair of transformers
Consider line (i, j) with flexible impedance as shown in
the upper circuit in Fig. 1. The complex line flows at its two
sending-ends, say Sij , Sji ∈ C, take the following form
Sij = −jkijbratedij Vi(V ∗i − V ∗j ) (2a)
Sji = −jkijbratedij Vj(V ∗j − V ∗i ) (2b)
which represent the contribution of line (i, j) to the power
flow equation (1b) of bus i and bus j, respectively. Clearly, the
flexible line impedance is equivalent to another device in sense
of power flow if such a device leads to the same expression
of Sij , Sji as in (2).
Next we turn to the lower circuit in Fig. 1, where the line
has a fixed susceptance jbratedij and a pair of ideal transformers
are placed at its two terminals, say bus i and bus j. This pair of
transformers have an identical tap ratio
√
kij and the secondary-
side buses adjacent to bus i and bus j are respectively denoted
by bus ij and bus ji. The corresponding power flow diagram
is shown in Fig. 2(a), where Sij , Sji ∈ C denote the complex
power transfer through the transformer pair. Observing Fig. 1
and Fig. 2(a) gives
Sij = Sij = −jbratedij Vij (V ∗ij − V ∗ji)
= −jbratedij
√
kijVi(
√
kijV
∗
i −
√
kijV
∗
j )
= −jkijbratedij Vi(V ∗i − V ∗j )
(3)
and similarly Sji = −jkijbratedij Vj(V ∗j − V ∗i ). Comparing (2)
and (3), we conclude that this correlated pair of transformers
is an equivalent model for flexible line impedance as they take
the same effect in power flow.
Further, instead of using the ideal transformer model in
Fig. 2(a) where the primary and secondary sides are fully
decoupled, we will adopt the non-ideal one in Fig. 2(b) by
adding small fictitious conductance ε|bratedij | that makes the
primary and secondary sides still weakly coupled. This is
because the disconnection between the primary and secondary
sides will cause high-rank solution of the relaxed convex
problem to be established in the next subsection. We refer
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Figure 1. Equivalency between flexible transmission line impedance and ideal
transformer pair.
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Figure 2. Power flow diagrams for transformer pair.
to [5] for a detailed discussion on this issue. Numerically,
we find that taking ε in the order of 10−2 for the fictitious
conductance yields satisfactory solutions with negligible error
(e.g., we take ε = 0.05 in case study).
We now reformulate problem (1) with all lines in Eflex re-
placed by the non-ideal transformer pairs. Since the transformer
secondary-side buses are augmented, for each bus i ∈ V the
power flow equation is modified as
PGi − PLi + j(QGi −QLi) = y∗io|Vi|2
+
∑
j∈N 0i
y∗ijVi(V
∗
i − V ∗j )
+
∑
j∈N fi
Sij + ε|bratedij |Vi(V ∗i − V ∗ij )
(4)
where j ∈ N 0i (or j ∈ N fi ) means bus i and bus j are
connected by a line with constant (or flexible) impedance in
the original network. Also for each line (i, j) ∈ Eflex that is
replaced by a transformer pair, we have
Sij = ε|bratedij |Vij (V ∗ij − V ∗i )− jbratedij Vij (V ∗ij − V ∗ji)
Sji = ε|bratedij |Vji(V ∗ji − V ∗j )− jbratedij Vji(V ∗ji − V ∗ij ).
(5)
Thus, problem (1) can be equivalently re-expressed as
min
PGi,QGi,Sij ,Vi,Vij ,kij
∑
i∈VG
fi(PGi) (6a)
s.t. (1e), (4), ∀i ∈ V (6b)
(1h), (5), ∀(i, j) ∈ Eflex (6c)
(1c), (1d), ∀i ∈ VG (6d)
|Re{y∗ijVi(V ∗i − V ∗j )}| ≤ Pmaxij , ∀(i, j) ∈ E\Eflex (6e)
|Re{jbratedij VijV ∗ji)}| ≤ Pmaxij , ∀(i, j) ∈ Eflex (6f)
Vij/Vi = Vji/Vj =
√
kij , ∀(i, j) ∈ Eflex (6g)
3where the active line flow constraint (6f) is derived from (3),
and (6g) links the primary-side and secondary-side voltages for
each transformer pair. Although problem (6) is still non-convex,
the next subsection will show that it admits a convex relaxation
form.
B. The relaxed convex model
Introduce the Hermitian matrix W = [Wij ] ∈
C(n+2f)×(n+2f) where f is the cardinality of Eflex. Each entry
of W is defined by Wab = VaV ∗b where the subscripts a, b
are indices from the bus set V and secondary-side buses of the
transformer pairs (n+2f buses in total). It is trivial thatW is
positive semi-definite with rank one, from which we can recover
a unique voltage profile for the bus set V and secondary-side
buses [2]. Then, equations (4)-(5) can be rewritten in terms of
W as
PGi − PLi + j(QGi −QLi) = y∗ioWii
+
∑
j∈N 0i
y∗ij(Wii −Wij)
+
∑
j∈N fi
Sij + ε|bratedij |(Wii −Wijij )
(7)
Sij = ε|bratedij |(Wijij −Wiji)− jbratedij (Wijij −Wijji)
Sji = ε|bratedij |(Wjiji −Wjij)− jbratedij (Wjiji −Wjiij )
(8)
In addition, constraints (1h) and (6g) are equivalent to
kminij ≤ |Vij |2/|Vi|2 = |Vji |2/|Vj |2 ≤ kmaxij (9a)
Vij/Vi = V
∗
ji/V
∗
j ∈ R (9b)
which can be expressed by W as
kminij Wii ≤Wijij ≤ kmaxij Wii (10a)
kminij Wjj ≤Wjiji ≤ kmaxij Wjj (10b)
Wijj =Wiji (10c)
Im{Wiij} = Im{Wjji} = 0 (10d)
where (9a) gives (10a)-(10b) and (9b) gives (10c)-(10d). Thus,
problem (6) is equivalent to the following formulation
min
PGi,QGi,Sij ,W
∑
i∈VG
fi(PGi) (11a)
s.t. (7), ∀i ∈ V (11b)
(8), (10) ∀(i, j) ∈ Eflex (11c)
(1c), (1d), ∀i ∈ VG (11d)
(V mini )
2 ≤Wii ≤ (V maxi )2, ∀i ∈ V (11e)
|Re{y∗ij(Wii −Wij)}| ≤ Pmaxij , ∀(i, j) ∈ E\Eflex (11f)
|Re{jbratedij Wijji}| ≤ Pmaxij , ∀(i, j) ∈ Eflex (11g)
W  0 (11h)
rank(W ) = 1. (11i)
Relaxing rank constraint (11i) gives an SDP, where so-
phisticated solvers apply. If the relaxed SDP is exact, i.e.,
rank(W opt) = 1, then we obtain the globally optimal solution
to the original problem (1) where the tuning ratio for each line
(i, j) ∈ Eflex is given by koptij =W optijij/W
opt
ii . In case of inexact
relaxation, we can enforce a rank-one solution by replacing
objective (11a) with∑
i∈VG
fi(PGi) + wq
∑
i∈VG
QGi (12)
where wq > 0 is a weighting coefficient. The penalty term
wq
∑
i∈VG QGi promotes the relaxation exactness with very
small impact on optimality [6].
IV. CASE STUDY
Take IEEE 118-bus system to test the proposed method. Due
to space limit, we refer to MATPOWER package [7] for the
system details. Assume the lines listed in Table I have flexible
impedances (the resistances of these lines are set to zero) and
take kminij = 0.8, k
max
ij = 3.0 for these lines. There are 35
synchronous condensers in the system, which have zero active
power generation and do not participate in OPF. In addition,
to highlight the control effect, the active generation limits are
doubled and active line flow limits are all set to 200 MW. With
these settings, we solve the relaxed SDP problem (11a)-(11h)
via CVX. The obtained optimal tuning ratios for flexible line
impedances are shown in Table I and the resulting generation
cost is $134541. Note that we need to impose the penalty in
(12) to make W opt satisfy the rank constraint, but it has only
a slight impact on optimality as the penalty takes 6.4% of the
generation cost.
To show the effectiveness of flexible line impedances, we
also solve the OPF problem with all kij fixed to one, where
the generation cost is significantly increased to $138415. This
is due to that the flexible line impedances broaden the power
flow feasibility region so that those cost-effective generators
can be better utilized.
Table I
OPTIMAL TUNING FOR FLEXIBLE LINE IMPEDANCES
Flexible line (i, j) −bratedij koptij
(23, 25) 12.500 1.222
(25, 27) 6.135 1.840
(42, 49) 3.096 1.714
(47, 69) 3.600 1.452
(100, 106) 4.367 1.219
V. CONCLUSION
We have revealed that a flexible line impedance can be
equivalent to a constant-impedance line with a correlated pair
of tap-flexible transformers placed at its terminals. With this ob-
servation, we have established a convex relaxation formulation
for AC OPF problems with flexible line impedances.
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